Complex Numbers - Solutions

Maths Workshop

1 Problems 1.1

Question 1.1 : —2 —4, 34 2i
Sum = (=2 —4) + (3+2i) = (—2+3) +i(-1+2) =1+
Product = (—2 —4)(3+2i) = —6+i(—4 —3) — 22 = (-6 +2) +i(—4—-3) = -4 —i

1
Question 1.2 : 1 — 33, e
1-B3=1—i(®) =1+
1 (1449 143437+ (143i—3—i  (—2+2 -1+
(1—4)3  (1—4)3(1+4)3  [1—-9)(1+)] 23 8 4
, —1+i (4—-1)4+i4+1) 3 5
== 1 = — — —
Sum (+z)+< 1 ) 1 1T
=1+ (144 (-1+i) -1+ —-1-1 2 1
Product = (1 = = = =-"=_Z
roduc (+z)< 1 ) 1 1 1 1 5

Question 1.3 : 1+4,1—1
Sum=(14+i)+(1-))=0+1)+i(1-1)=2
Product = (1+4)(1—-i)=1-i?=1—(-1)=1+1=2

Question 2.1 : 24 5¢
Conjugate = 2 — 5¢
1 2 —bi 2 —bi 2 —bi 2 < 5>

Inverse = = = -
29

245 (2+50)(2—5i) 4—252 29 291"

Question 2.2 : 3 4 23

3423 =3+ 2i(i%) =3 - 2i

Conjugate = 3 + 2
1

1 3+ 21 3+ 24 3+ 2 3 2
nverse = = = = =—+41| =
3—2i  (3—20)(3+2i) 9— 442 13 13 13

Question 2.3 : ¢

1 =0-+1
Conjugate = 0 — ¢ = —1
I —1q —1 .
nverse = — = =—=—i
i (=) —i?

Question 3 : Give an example of a complex number that does not have a multiplicative inverse.
Answer : 0 = 0+ 0. Can we have other complex numbers ?

2 Problems 2.1
Question 1.1 : Which symbol represents |z| ?
Answer : r

Question 1.2 : Which symbol represents amp(z) 7
Answer : 0

Question 1.3 : Find a relation between x,y and r.



Answer : By Pythagoras theorem, we have z2 + 32 = 2.

Question 1.4 : Find a relation between z,r and 6.

x
Answer : From the right-angled triangle, we have — = cos§ = x = rcosé.
r

Question 1.5 : Find a relation between y,r and 6.
Answer : From the right-angled triangle, we have y_ sinf = y =rsinf.
r

Question 1.6 : Find a relation between x,y and 6.
Answer : From the last two relations, we have ¥y_ tan 6
x

Question 1.7 : Plot Z.
Answer :

Real Axis

Imaginary Axis

Question 1.8 : Verify that the complex number can be written as z = r(cos 6 + isin 6.
Answer : We have x = rcosf and y = rsinf. So, z = x + iy = rcosf + irsinf = r(cos + isin6).

Question 2.1 : 245
Using the relations that we have deduced above, we have

Modulus = /22 + 52 = /29 5
Amplitude = 6 such that tanf = 3

1
2+ 50

Question 2.2 :

1 2 — 5i 2 (5
= —_ —_— Z R —
245i  (245i)(2—5i) 29 29

2\2 2 452 1
Modulus = (J(2) + (-2 :\/ﬁ: 1
29 29 292 29

~5/29 5

2/29 2

Amplitude = 6 such that tanf =

Question 2.3 : 2 — 5¢
Modulus = /22 + (—5)2 = /29

Amplitude = 6 such that tanf = —g

Question 3 : Find a relation between z, Z and |z|.
Answer : Let z = x +iy. Then z = x —iy and |2| = /22 + y2. 2Z = (z +iy)(z —iy) = 2? —i%y? = 2% + ¢ = 2]~
So, 2% = |z|%.

1

Question 4 : Find a relation between z~*, Z and |z|.

. _ . 1 T —1y T — 1y z
Answer : Let z = x+iy. Thenz = x —iy and |z| = /22 +¢2. 271 = — = - — = = .
y y 12 y r+iy  (z+ay)(z—iy) x2+y? |22

So, 271 = .
2]

Question 5 : Find a relation between |2/, |Z| and |z7!].



Answer : Let z = z+4y. Then z = z —iy and 271 = ﬁ So, |z| = V22 +y? and |[Z| = /22 + (—y)? = /22 + ¢

= 2 1 B
So, |z| = |Z|. Now, |27 = W = W = m So, |z| = |z| = Py
3 Problems 3.1
Question 1.1 : ¢’
Answer : €™ =cosm +isinTt = —1+0i = —1

. ;T ]
Question 1.2 : e'2-¢'

Answer'eigei%—(cosz%—isinz) (cosz%—z'sinz)—i L—|—L =
' N 2 2 4 4) )

. T

. ] jus
Question 1.3 : e's + ¢4
Answer :

1 1 (V3 1
=(2+wﬁ+1<2+¢ﬁ
14vV2 V243,
=T, T

3
3 3v3
Question 2.1 : (2 + \f@)
Answer :

(o) (o)
:s@%7+mn)3

3

N | =

cos7r+zsm7r

—27

) 1+4i\*
uestion 2.2 : (| ——
@ < V2 )

Answer :

(%) - ()

4
= < os——i—zsm )

(cosm +isinm)

Question 2.3 : (1 + )0
Answer :

10 10
=32 (cos Tﬂ + 7 sin 47T)



Question 3 : Calculate the roots of 23 — 1 = 0 and plot them.
Answer : We will follow the process described previously.
eStepl: a2 —1=0 = 22 =1.
e Step 2 : z = €' is a root of the above equation, where 6 is a real number.
2k
e Step 3 : Using de Moivre’s theorem and properties of trigonometric funcions, we get 6, = Tﬂ and corresponding

solutions xj, = e for k = 0,1, 2.
e Step 4 : We list the solutions explicitly :

xozeiozcos0+isin0:1
TSP S G 3
Tr1 = e 3 = Ccos 3 + 2sin 3 = 2—i— 5 )
7;4% 47T+, . 41 1 \/§
= = _— m—=-—— — —
To=¢e 0053 1S 3 > 22
We plot the solutions as follows :
i
1 3
n=--+i
2
.'l'ﬂ:‘] g

Xp= —=—1

—
S|

Question 4 : Verify that the complex roots are squares of each other.
Answer : One way to verify would be to compute the squares and check. We will try to verify it in a different

way, using de Moivre’s theorem and Euler’s formula.
- 2T 2 - 47

Check that <e’2?) = 'F.
2 .

3

4w - 2m
Now, <el 3 ) =

. r 2 2w
— (2™ +F) — cos (27T + 2%) + isin (27T + %’T) = cos 3 + isin? =e'3
So, we see that the complex roots are squares of each other.

Question 5 : Denote the roots by 1,w and w?. Calculate 1 4+ w + w?.

1 3 1 3
Answer : Direct calculations show 1 + w + w? = 1 + (—2 + {z) + (—2 — {z) = 0. Alternatively, we

know that w is a root of the equation 23 — 1 = 0. So, w?® — 1 = 0. Factorising the expression on L.H.S. yields
(w—1)(1 4+ w+w?) = 0. We know that w # 1, hence, we must have 1 + w + w? =0
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