MTH 101 - Symmetry
Assignment 8

Corrections to Assignment 7:
1. Let G be a group. Then prove that the following are normal subgroups of G.

ii. [GG]l=<aba'b!:a,beCG >

2. Let N be a normal subgroup of a group G. Then prove the following.
i. If K is subgroup of N such that K a normal subgroup of G, then K is normal in G.

Notes: Let V be a vector space over the reals R.

e Given a set of vectors {vi,vs, -+, v} in V, a vector v € V such that
V=cC1V]1+Cvy+ -+ Cpg,

with ¢1, -+ , ¢, € R is said to be a linear combination of the vectors {v,--- , v}.
For example, (a, b) = a(1,0) + b(0, 1) € R? is a linear combination of the vectors (1,0), (0, 1).

e Given a set of vectors X = {vy,--- , v} in Vg,
SpanR(X) = {C]V] +cvp+ -+ Vg L Cl,Cp 0 ,Ck € R}
e A set of vectors {v, vo, - -+, v} in V|g is said to be linearly dependent if there exists scalars ¢y, -+ ,cx € R

not all 0, such that
Civy +cCvp + -+ vy = 0.

For example X = {(1,0,-1),(0, 1, 1),(1,2, 1)} is a linearly dependent set. Observe that
c1(1,0,=1) + 20, 1, 1) + ¢5(1,2,1) = (0,0,0)

whenever ,
ci+c3=0,c0+2c3=0,—c; +cp +c3 =0. (1)

Since the the system of equations (1) has a non-zero solution therefore X is linearly dependent.

e Asetof vectors X = {vy,vs,- -, v} in Vg is said to be linearly independent if X is not linearly dependent.
In other words, {vi,vs,--- , v} is linearly independent if

C1V] +6‘2V2+"'+Ckvk=0,

implies c; = ¢; = -+ = ¢ = 0. Thus the set {(1,0, 1), (0, 1, 1), (1, 1, 1)} is linearly independent in R3, since
(0,0,0) is the only solution for the system of equations

ci1+c3=0,c0+¢c3=0,c1+cp+c3=0, )

where the equations (2) that are obtained by considering the equation ¢;(1,0,1) + ¢2(0, 1, 1) + c3(1,1,1) =
(0,0,0).

e A subset X of a vector space V| is said to be a basis of V over R if
i. Spang(X) =V.
ii. X is a linearly independent subset of V|g.

1. Isthe vector (3, —1,0, —1) in the subspace of R* spanned by the vectors (2,-1,3,2),(-1,1,1,-3),and (1, 1,9, -5).

2. Prove that the only sunspaces of R' are R! and the zero subspace.



3. Determine which of the following set of vectors in R? are subspaces of R>.
i. W=1{(aj,as,a3) eR3:a; >0).

i. W=

iii. W=

{(a1,a2,a3) € R? 1 ay + ar = as).
{
iv. W={(a,a2,a3) € R’ : a) = ar}.
={
{

(a1,a2,a3) €R® : a} = ar).

(Cll,(lg,a3) S R3 rayap = 0}

vi. W ={(a1,a2,a3) € R? : a; € Q}, where Q denotes the set of rational numbers.

4. Determine which of the following set of matrices in V = M,(R) are subspaces of V.
W ={A € M>(R) : A is invertible}.

.. a b

ii. W—{( ¢ d ).a+d—b+c}.

a b

iii. W= {( ¢ d
iv. W ={A € M)(R) : AB = BA for a fixed B € M,(R)}.
v. W=1{A e Mr)(R): A> = A}.

):a+c=0}.

5. Determine which of the following subsets X of the vector spaces V|g forms a basis of V|g.
i. V:R49 X= {(192707 1)9(271509_1)7(17 17070)7(1909 17_1)}
ii. V:RS, X={(1909_1)3(1’2’1)9(09_3?2)}

iii.V=M2(R),X={(; 41‘_)’( _25 _21 )’( _14. _()1 )’(? é)}
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6. Show that X = {(2,3),(1,—1)} and X" = {(1,0), (0, 1)} form two bases of R?. Express the vectors (1,0) and (0, 1)
as a linear combination of the vectors in X.

7. Find three vectors in R which are linearly dependent and are such that any two of them are linearly independent.
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