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MTH 101 - Symmetry
Assignment 10 & Notes

Let V and W be two vector spaces over R. A linear transformation from V to Wisamap 7 : V — W such that
1. T(V| + V2)= T(V]) + T(Vz) for all Vi, € V.
ii. T(cv) =cT(v)forallce Randve V.

Notice that putting ¢ = 0 in (i), we get T(0.v) = 0.T(v) for all v € V. Since for any vector v € V, 0.v equal to
the 0 vector, therefore a linear transformation always maps the zero vector Oy of V to the zero vector Ow of W.
Hence the only linear transformations from the 1-dimensional vector space R| to R|r are

T(v) =cv, forsomec € R.

For ¢ = 0, we get the zero transformation, 7(v) = 0 for all v € R.

Given a basis By = {vy, v, - ,Vv,} of an n-dimensional vector space V|g, we know that any vector v € V is of
the form v = ¢1vy + vy + -+ - + ¢,,v, for some ¢; € R, i=1,2,...,n. Hence if T : V — W is a linear transformation,
then to determine 7'(v) it is sufficient to know the values of {T'(v;) : i =1,2--- ,n}.

For a linear transformation 7 : V —» W,

i. The null space of T, denoted by Ny or N(T) is given as follows:
NT)={veV:Tv=0}.

(Check that Ny is a subspace of V.) The nullity of 7T is defined as the dimensional of N7.

ii. The range of T is defined as follows:
Range(T) ={we W : Tv =w, for somev € V}.
(Check that Range(T') is a subspace of W.) The rank of T is defined as the dimensional of Range(T').
Given an ordered basis By = {v{,--- ,v,} of V|g, if v € V is of the form
v=civp+ vy + o+ Vi,

then the column representation of v with respect to the ordered basis By is
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Matrix of T relative to the ordered basis [By : Bw]. Let By = {vy,---,v,} be an ordered basis of V|g, By =
{wi, -+, wi} be an ordered basis of W|g and let 7 : V — W be a linear transformation. If for v; € By,

T(Vj) =apjwy +axjway + -+ Qg jwi,

then the matrix of T relative to the ordered basis [By : By], is written as follows:

ap apz - A

az dxp -t Ay
T[BVIBW] =

gl Akt i

Notice that the j™ column of the matrix Tip, g, is a column representation of T (v ;) with respect to the ordered
basis By of W and for v € V with [v]p, given by (1),

[Tv]g, = TiBy:By1-[V]By,

where T3, .5,1.[v]p, denotes the multiplication of the k X n matrix T|g,.p,, With the k X 1 column matrix [v]g, .
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Given a linear transformation 7 : V — V, a non-zero vector v € V is said to be an eigenvector of T if there
exists ¢ € R such that
T) = cv.

T is said to be diagonalizable if there exists a basis of V consisting of eigenvectors.
Notice that if By = {v,---,v,} is an ordered basis of V|r consisting of eigenvectors, i.e. if T(v;) = r;v;, for
i=1,2--- ,nthen

n 0 - 0
0 rn --- 0
e IR
0o 0 -
which is a diagonal matrix.
Let By = {vy,---,v,} and By = {wy,--- ,w,} be two ordered basis for V|g and C : V — V be a linear transfor-
mation such that B(v;) = w; fori=1,--- ,n. If w; = by;v{ + byjvo + - - - + b,;v,,, then notice that
b b -+ by
byt by -+ by
C[Blsz] =1, C[BlsB]] = : : .
bnl bn2 e bnn

Notice that the matrix Cp, p,; is the transpose of the change of basis matrix relative to [B;, B;].
o Inliterature,C(p, 5, is referred to as the change of basis matrix relative to [B;, B,]. Henceforth, we shall
denote it by c(z, 5, and refer to the matrix c;z, 5,; as the change of basis matrix relative to [B,, B;].

. Let T : R> — R? be the linear map defined by T'(x;, x;) = (x1,0). Let B; be the standard ordered basis of R?

and let B, = {v; = (1, 1), v, = (-1, 2)} be another ordered basis of R?|g.
e What is the matrix of T relative to the ordered basis [B;, B;].
e What is the matrix of T relative to the ordered basis [B>, B1].
e What is the matrix of T relative to the ordered basis [B>, B;].

e What is the matrix of T relative to the ordered basis [B3, B3] where Bj is the ordered basis By = {v,, v{}.

Let T : R? — R3 be the linear map defined by T'(xy, xp) = (—x2, x1, x] + x2). Let B; be the standard ordered
basis of R2, B, be the standard ordered basis of R? and let B = {v; = (1, 1,1),v» = (-1,2,0),v3 = (1,0, 1)} be
another ordered basis of R3|p.

e What is the matrix of T relative to the ordered basis [B;, B;].
e What is the matrix of T relative to the ordered basis [B1, B].

o Is there a relation between the matrices T(p, ,) and T(p, 5,

Let T : R?* — R3 be the linear transformation given by Tv = A[V]ie, ¢,.c;; Where {ey, e2, €3} denotes the standard
ordered basis of R?. Determine the rank and nullity of T

Determine the eigenvectors of the following linear transformation 7' : R> — R?, whenever they exist.
L T(x1,x2) = (X1 — X2, X2).

i. T(x1,x) = (2)(1 + x2,2x1 — X3).



